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Abstract

Bragg-case synchrotron double-crystal images of stack-
ing faults have been studied in a synthetic diamond.
The topographs taken on the tails of the rocking curve
showed well pronounced interference fringes arising
from the stacking faults: the first such observation in
Bragg diffraction geometry. The fringes were strongly
dependent upon the angular setting, being invisible at
the rocking-curve maximum but gaining in contrast
and becoming more closely spaced further from the
maximum. These experimental images were compared
with predictions of plane-wave dynamical theory and
a reasonably good correspondence was obtained when
the finite beam divergence was taken into account. It
was found that the theoretical fringe sequences depended
upon the stacking fault and confirmed that the stacking
faults observed were of intrinsic type.

1. Introduction

The interest in studying stacking faults with X-ray
topography and electron microscopy has two main mo-
tivations. Firstly, stacking faults are important as com-
mon crystallographic defects. Secondly, stacking faults
provide an opportunity for successful application of
the dynamical theory of diffraction for explaining the
observed interference fringes. Most X-ray investigations
into stacking faults have been by section topography
(see e.g. Kato, Usami & Katagawa, 1967; Authier, 1968;
Jiang & Lang, 1983; Kowalski & Lang, 1986; Kowalski,
Lang, Makepeace & Moore, 1989), where spherical-
wave theory was applied. The theoretical description of
transmission plane-wave diffraction on stacking faults
was included in the above-mentioned papers by Authier
(1968) and Kato et al. (1967) and was also given by
Kato (1974).

The observation of interference fringes is usually
more difficult in back-reflection diffraction geometry
(Bragg case) than in transmission diffraction geometry.
To our knowledge, no observations of fringe patterns in
stacking-fault images have been reported in the Bragg
case. The difficulty in obtaining such fringes is as-
sociated with the attenuation of X-rays, reduting the
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thickness of the layer capable of contributing to in-
terference effects. In addition, interference fringes are
expected only on the tails of the rocking curve and,
in view of their strong angular dependence, can be ob-
served only with good collimation of the incident beam.
Some interference fringes were observed in the Bragg-
case plane-wave images of dislocations (Bubdkovd &
Sourek, 1976; Bedyriska, Bubdkovd & Sourek, 1976;
Gronkowski, 1980) and there is still considerable interest
in studying Bragg-case interference fringes associated
with other defects.

A very convenient material for obtaining interference
fringes in stacking-fault images is diamond. It is com-
posed of atoms with very low atomic number and it
absorbs X-rays less than most other crystals. Stacking
faults are common in diamond and can easily be found in
otherwise good-quality crystals. The recent development
of the reconstitution method for growing large diamonds
(Strong & Wentorf, 1972; Burns, Robertson & Keddy,
1993) has enabled samples suitable for such experiments
to be readily available.

In the present work, we obtained Bragg-case images
of stacking faults using double-crystal arrangements with
a synchrotron source of X-rays. The experimental images
were compared with theoretical images obtained from
a simple adaptation of former plane-wave approaches
to the Bragg case, which also included the effects of
incident-beam divergence.

Some results of actual work were presented at
the International School on Synchrotron Radiation
in Natural Science held in Jaszowiec and published
elsewhere (Wierzchowski & Moore, 1992).

2. Theoretical

The back-reflection images of stacking faults can be
classified as corresponding to either Bragg—Laue or
Bragg-Bragg cases. In the first of these cases, the part
of the crystal behind the stacking fault produces the
diffracted beam intersecting it, while in the Bragg—Bragg
case the beam is reflected back towards the first region
of the crystal. We concentrate here on the Bragg—Laue
case. (In our present experiments, we observed fringes in
the images corresponding also to the Bragg—Bragg case
and they will be the subject of further studies.)

The multiplication of wave fields at the stacking fault
in the Bragg-Laue case is shown in Fig. 1, while the
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position of the wave points corresponding to the excited
wave fields is shown in Fig. 2. Both figures correspond
to the low-angle tail of the rocking curve. At the high-
angle side, the indices 1 are replaced by indices 2 and
vice versa.

We found it reasonable to assume that only one wave
point is excited by the incident wave. It should, however,
be mentioned that complete elimination of interference
effects due to the beam reflected from the rear surface
requires more than 40x attenuation of that beam. At the
low-angle side of the rocking curve, this assumption may
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Fig. 1. Wave multiplication at a stacking fault (()S) in the Bragg-Laue
case of diffraction. The incident plane wave of amplitude DU“
and wave number A excites in the first part of the crystal a single
wave field consisting of the waves D,;, D, with i = 2 for the low-
angle side of the rocking curve (Ry > 1) and i = 1 for the high-angle
side (Ry < —1). The two wave fields are decomposed in the fault
plane into waves in the transmitted and reflected directions. In region
II, each of these waves generates two wave fields (four waves). The
amplitudes of these waves are denoted by Dy, (o). D04y Doj(ni)
and Dy, (p;y with j = 1,2 and subscripts in parentheses indicating
the exciting beam.

S o

Fig. 2. Positions of the wave points on the dispersion surfaces. Situations
correspond to the low-angle tail of the rocking curve. The single wave
point excited primarily in the first region A ;) is located on the normal
to the entrance surface. The Poynting vector connected with this point
is directed inwards towards the crystal. One of the points excited in the
second part of the crystal coincides with this point, while the second
point A,y is located on the second branch of the dispersion surface
on the normal to the fault plane passing through A(,.
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not be entirely appropriate with the present thickness
(0.7mm) of the diamond slab. In actual experiment,
negligibility of the second wave was due both to its
absorption and to the imperfections in the crystal, which
played a significant rdle because of the relatively long
distance travelled by the wave reflected from the rear
surface. The other possible factor was the preparation
of the rear surface, which also caused losses in the
internally reflected wave.

The coordinates of the wave point excited by the
incident beam are

&Y = LCIK (4o /)2 (cnxi) V2w + (32 — 1)1/2(1],
)

where K is the wave number of the incident wave,
Xo» Xn» Xp are the Fourier coefficients of dielectric
susceptibility, C is the polarization factor and v, -y, are
the direction cosines of the incident and reflected beams
with respect to the normal to the entrance surface.

y= ~[sin2046 + dxo(1 = 7,/7)]
x [0l 0) o)™ @)

with A@ the deviation from the Bragg angle ©. i = 1
and the upper sign is valid for Ry < —1 (R denotes the
real part of y) and : = 2 and the lower sign is valid
for Ry > 1.

The ratios of the reflected amplitude D, to the
amplitude Dy, of the forward-diffracted wave are given
by

) = D,/ Dy; = 267 |CK x;, 3)

and
Dy, = D, Dy; = DD, )

where D(()a) denotes the amplitude of the incident wave.

The second part of the crystal is shifted with respect
to the first (Authier, 1968) by the fault vector f and the
dielectric susceptibility in region II is

X' =3 xi(-2mih - f) (5)
with

Xh = xpexp(2mih - f), x; = xzexp(—2mih - f),
(6)
where h is the reciprocal-lattice vector.
The one wave field excited in the first region (region
I) of the crystal is split by the stacking fault into reflected
and transmitted waves. Behind the fault plane (region II),
these two waves excite four new wave fields. The fifth
wave field in region II is excited by the incident wave.
These five wave fields correspond to the two wave points
situated on the normal to the fault plane. One of these
points coincides with the wave point excited in the first
region.



W. WIERZCHOWSKI AND M. MOORE

The rdle of absorption is very important and it causes
some difficulty in the treatment based on the application
of plane-wave dynamical theory. The attenuation of
crystalline waves is described by the imaginary part of
wave vectors and the interference components coming
from the imaginary parts of the coordinates &, are
determined by the continuity relation at the entrance
surface. In an absorbing crystal, the waves created by
decomposition of the wave fields at the plane obstacle,
which is not parallel to the entrance surface, have
variable amplitudes along the obstacle. In various appli-
cations of dynamical theory, they are still treated as plane
waves, especially if phenomena along the wave vector
are considered. It is, however more complicated to write
the continuity relation between the imaginary parts of the
wave vectors in the two regions of the crystal, similar
to that on the entrance surface. This difficulty appears
in the total reflection range, where the imaginary parts
of the wave vectors are dominant; and it is difficult to
treat the beam passing through the stacking fault as a
plane wave. For this reason, we do not apply the present
theory to the total reflection range. On the other hand,
no fringes were observed experimentally in this region.

Including absorption requires appropriate calculation
of the imaginary parts of the wave vectors induced by the
wave fields decomposed at the fault plane. In particular,
the imaginary parts of the wave vectors corresponding to
the initially induced wave point cannot be approximated
in region II by those from region I. In order to find
the coordinates of the wave points with the correct
imaginary parts, we first found the deviations from the
Bragg angle of the waves created by the decomposition
of the wave field in the fault plane. By some geometrical
considerations, which may be found from Figs. 2 and 3,
these deviations are:
for the forward diffracted wave:

Ay = A6 + (& /K + §xo) sina/vvs:  (7)
for the reflected wave:
A8, = —(19/7n) A6y, (8)

The direction cosines of the reflected and transmitted
waves with respect to the normal to the fault plane are
now

Yo =sin(a+¢—©) and ;, =sin(a+ ¢+ O).
)

In the above formulae, ¢ is the inclination of the reflect-
ing planes to the surface and « is the inclination of the
stacking fault to the surface, with the positive direction
marked in Fig. 3. In Fig. 2, A@); = MP'/K and
A8}, = MQ'/K. In the situation actually shown, A©);
is negative. The directions of the incident and back-
reflected waves correspond to PO and QH, respectively.
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We can now find the complete expressions for the
coordinates of the wave points using the normal for-
mulae of dynamical theory in the Laue case. Here, the
subscripts in parentheses denote the exciting wave.

501‘(01‘) = - %|C|K(76/7;1)1/2(X;1X;1)1/2

x [y £ (y*+1)?, (10

where the new variable y’ corresponds to the Laue-case
diffraction in region II with the deviation from the Bragg
angle given by A©y;:

y' = —[sin20464; + 3xo(1 = 7h/70)]

X [IC1(va /) 2 (xh X)) (1

The remaining coordinates of the wave points excited by
the forward-directed wave may be written

ghi(Oi) = KQX;zX;}C?/"{Oi(Oi) (12)
€oicoiy = — (0/7h)éni0s) (13)
Ehjony = — (7;1/76)501‘(01')- (14)

J = 1,2;4% # 7 and the indices of the incident wave
(in parentheses) are 1 = 1 for Ry < —1 and 7 = 2 for
Ry > 1.

The coordinates of the wave points induced by the
reflected wave can now be found similarly by noting
that the reflected wave can be treated as the incident
wave for the —h diffraction vector with the deviation
from the Bragg angle A©j,. Then the required coor-
dinates may be found from those corresponding to the
above-mentioned case after interchanging the subscripts
indicating the reflected and incident beams.

Enihiy = — 3ICIK (v /%)Y 2 (X x5) 2
X [yn £ (wh + 1, (15)

where the new variable y, corresponds to the deviation
from the Bragg angle A@],:

yn = — [sin20460}; + Fx0(1 — v /1))
X IC1Yo /)2 (i) /4L

(16)

Fig. 3. The geometrical relation of the stacking fault in real space (OS
— its intersections with the plane of diffraction). The arrow indicates
the positive direction of the angle a.
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Hence,
€oichiy = K2XHWXGC? [4Eni(hi) 17)
Enicniy = — (Yo/1h)€o0i(hi) (18)
€oj(hiy = — (Vh/70)Eni(hi)- (19)

J = 1,2; 7 # j and the indices of the incident wave
(in parentheses) are ¢ = 1 for Ry < —1 and ¢ = 2 for
Ry > 1.

We can now list the four amplitudes of the waves
in the diffracted beam, contributing to the Bragg—Laue-
case stacking-fault image. For the waves excited by
the forward-diffracted wave, the amplitudes Dy ;o;) are
given by

Dhl(Oi) = D(()a)(z/KXiC)
X [€01(05) o2(0i)/ (bo2008) — &o1(01))]  (20)

Dh2(0i) = —Dm(ol’)s (21
where in region II the ¢/(*) has a different phase:
@ = exp(2rih - f). (22)

The amplitudes of the wave excited by the reflected
wave may be written as

Dyyniy = D(()a)cl(a)fhz(hi)/(fhz(hi) = &ay)  (23)
(24)

In region II, we also have one wave field excited by
the incident wave. This has again the same wave point as
the wave field excited in the first region but the diffracted
wave has a different phase,

Dh2(hi) = _Dhl(hi)'

1 = D@ = D, exp(2nih -f).  (25)

For calculation of theoretical images, we present the
resultant amplitude of the diffracted beam as a function
of the distance from the stacking-fault outcrop O (Fig.
3) along the surface = in the following way with the
accuracy to a common phase factor:

Dl(za)(z) = [Dhjoiy + Dhrjinsy) exp{—27[Skp;(0;)
+ Sko; (va/Y0) (T sina/v;) }
x exp[2miRko; g;) (2 sin a /)]
+ ([Dhi(Oi) + Dhiniy) exp{—27(Skpi0r
+ Skoi (vh/70))(x sina/~;)} + Dj,)

x exp [2m iRk, ;) (z sin /7y, )] (26)

with i =1 for Ry > 1,7 = 2 for Ry < —1 and
i#i (=12

In the above formula, we used the imaginary part of
the wave veciors to calculate the effect of attenuation
of the waves reaching the point P in Fig. 3. The real
and imaginary parts of wave vectors can be found from
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calculated Resonanzfehler using the relation

kontry = Soncry + K + 5K X0 n(1y, @7

where (I denotes different possible extension of indices.

3. Numerical calculations

The above theory provided the basis for performing
the calculations of theoretical images using appropriate
computer programs. The relatively simple analytical for-
mulae and the one-dimensional character of the problem
allowed for calculation of both plane-wave theoretical
images and integrated images taking into account the fi-
nite divergence of the beam existing in real experiments.
The results were either plotted as a graph or presented
in the form of a simulation of the topographic image.

4. Experimental

The sample was a 0.7 mm thick slab cut from a truncated
octahedral diamond using a laser saw and polished. It
was chosen from a number of synthetic diamonds with
artificially introduced surfaces along (100) planes that
we have examined. The chosen sample, together with
a neighbouring sample cut from the same diamond,
was also widely studied with various X-ray topographic
methods, optical methods and cathodoluminescence to-
pography (Wierzchowski, Moore, Makepeace & Yacoot,
1991).

The good-quality fringe patterns in the Bragg-case
images of the stacking faults were obtained with a syn-
chrotron X-ray source. The synchrotron double-crystal
experiments were preceded by some experiments with a
conventional X-ray source which provided some traces
of the fringes. The experiments were performed using
Cu Ka; radiation in an arrangement with the 1432
reflection from a quartz monochromator and various
diamond reflections of 311 type. The matching of these
two reflections is very good and the broadening of the
rocking curve by spectral dispersion should theoretically
be close to 0.5".

The synchrotron experiments were performed at sta-
tion 7.6 of the SERC Daresbury Laboratory storage
ring. In these experiments, we attempted to reconstruct
the situation of the conventional source experiment, but
to obtain much better visibility of fringes due to the
better spatial resolution and smaller influence of spectral
dispersion.

Owing to the 80 m distance of the experimental ar-
rangement from the tangent point of the synchrotron
source, it was possible to accept a much worse matching
from the reflections on the monochromator and diamond
investigated. We used there the 511 reflection from
a (111)-oriented silicon monochromator to match the
311 reflection from the diamond slab. We chose the
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Well resolved interference fringes from stacking faults
and dislocations were obtained with the 511g;,—311,
synchrotron arrangement, selecting 1.54 A radiation.

We observed a characteristic change in the periodicity
of fringes; they become more compressed further from
the peak. The fringes vanished close to the peak, corre-
sponding to the total reflection range. This was also true
of the fringes in the Bragg—Bragg case. In some cases,
we observed bending of fringes close to the dislocations
bounding the faults. The appearance of the fringes is
shown in Fig. 5 showing their images in four angular
settings — two on each tail of the rocking curve further
from and closer to the maximum. The figure presents
the images of the two stacking faults in the Bragg—Laue
case with the most visible fringe pattern.

Good visibility of interference fringes was due both
to the spatial resolution being better than 1um and
to the very good combination of small incident-beam
divergence (of the order of 0.2"’) with a relatively wide
intrinsic rocking curve (3.1”’) for the asymmetrical 311
diamond reflection. The second factor partly accounted
for the almost complete invisibility of fringes in the
531g;,—400, synchrotron arrangement with 1.35 A radia-
tion. In the last case, the divergence of the incident beam
was similar but the width of the rocking curve was twice
as small. The relatively wide rocking curve also had the
effect of decreasing the influence of inclusions and other
defects, thus causing the crystal to behave more like a
perfect one.

5.2. Correspondence of experimental and theoretical
images

We obtained good correspondence between the ob-
served fringe patterns at the stacking faults and the
theoretical predictions presented in the former part of this
paper. The theoretical intensity distributions for intrinsic
and extrinsic types of stacking fault corresponding to the
experimental Bragg-Laue images shown in Fig. 5 are
presented in Figs. 6 and 7. In these figures, we present
both theoretical images for an incident plane wave and
for an incident wave with 0.3” divergence. The plots
were calculated for the angular positions A@ equal to
5.5, 6.8, 10.3 and 11.5”, corresponding to values of Ry
of 2.0, 1.2, —1.1 and 1.9, respectively. All diagrams
were plotted to have their maximal value at the same
level while in fact the corresponding maximal values
are in the ratio 1:3.2:3.8:1.2.

The corresponding angular position of the experimen-
tal topographs seem to be in rough agreement with the
values of the plots, in particular the angular distance
between the topographs 5(a) and (b) is close to 1.5"' and
similarly between the topographs 5(c) and (d), and the
accuracy of these estimates is close to 0.3”/. We also
notice a systematic difference in periodicity of the two
stacking faults shown in the topographs, owing to a local
difference in the region of the rocking curve.
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The different types of stacking fault cause a small
difference in the theoretical image close to the outcrop
of the stacking fault (giving a difference in the starting
phase of oscillations) and the image is different on the
two sides of the rocking curve. These features provide
the possibility of identification of stacking-fault type.
The experimental topographs are in good agreement with
theory and correspond better to those calculated for the
intrinsic type of stacking fault. It may be easily found
from (25) that the phases of all five component waves
are differently dependent on the fault vector for x = 0.

We have found that the main period of the interference
fringes visible in the theoretical images of stacking
faults is the same as that in the integrated images along
a dislocation line at the same angular settings. The
formation of fringes in both cases is similar, as the
same single field is decomposed by a similarly situated
obstacle and new wave fields with tie-points located
on the normal to the obstacle are formed. There are
some differences caused by different wave amplitudes
corresponding to these wave fields; a more exact model
has been discussed by Gronkowski & Malgrange (1984)
but the main period Ar is due to the difference of the
wave vectors corresponding to these two points. It may
be written by the formula

Ar =, /(sinalky; — kpy,l), (28)

where, as previously, a is the inclination of the fault
plane. According to (10) and (15), we can write

Ar =74 /[sin |CK (vo/7)"* (xhx3)/?
x (y + 1)V2). (29)

The period is here dependent on the real parts of the
wave vectors, which are themselves dependent only on
the location of the obstacle; and it is not important in the
above formula whether we take the wave points excited
by the reflected or transmitted beam behind the fault
plane. The formula was fulfilled in all calculated plots.
It should be noted that the Bragg-case images are
dependent on the stacking-fault type even at very low
absorption. This is different from the case of plane-
wave Laue-case images. In this last case, the two wave
points are excited in the first part of the crystal and the
dependence on the fault vector coming from the field
subsequently generated from these two wave fields is
compensated. The dependence on the fault type appears
when the crystal is significantly absorbing (Kato, 1974).
No significant decrease in visibility of the fringes in
both theoretical and experimental images was observed
on the high-angle tail of the rocking curve where the
Borrmann effect was negative. The negative Borrmann
effect on the high-angle side causes a faster decrease
of maximal amplitude with distance from the outcrops
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than that observed on the low-angle side for the positive
Borrmann effect.

In the case of theoretical profiles corresponding to the
topographs taken using the 511g;,—311, arrangements,
the including of beam divergence with a realistic value
of 0.3" caused increasing smearing of successive fringes.
It was connected with a characteristic increase of the
background. This feature was well visible in experi-
mental topographs. The integrated images marked by
letters with primes are in much better agreement with
experimental patterns than those for the plane wave.

6. Concluding remarks

The Bragg-case images of stacking faults exhibiting
distinct interference fringes were obtained in a slab cut
from a large synthetic diamond of truncated octahedral
habit with the use of double-crystal topographic methods
using a synchrotron X-ray source. The best visibility of
fringes was obtained using the 511s;,—311,, arrangement
owing to both the very good spatial resolution and the
good combination of small divergence of the incident
beam and the relatively wide rocking curve.

(@)

®
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The fringe patterns were strongly dependent on the
angular position on the rocking curve. They were invisi-
ble in the peak regions and became more closely spaced
further from the peak.

The application of plane-wave theory for the diffrac-
tion from stacking faults has been discussed. We ob-
tained a good correspondence between theoretical and
experimental patterns, especially after taking into ac-
count the finite divergence of the incident beam.

The starting sequence of the theoretical images close
to the stacking-fault outcrop was found to depend on the
type of stacking fault and this sequence was also depen-
dent on the side of the rocking curve. This provided
the possibility of identification of the stacking-fault
type, different from the case of transmission plane-wave
topographs for low absorbing crystals. We confirmed the
intrinsic character of the stacking faults observed.

The authors are greatly indebted to the Science and
Engineering Research Council and to De Beers Industrial
Diamond Division (Pty) for financial support. They
would also like to thank Professor A. R. Lang FRS
(University of Bristol) for his helpful advice, Mr R.
Waggett for taking part in some of the experiments and
the referee for constructive comments.

@)

®)

Fig. 7. The theoretical intensity distributions corresponding to the experimental images shown in Figs. 6(b) and (c) assuming an extrinsic type of
stacking fault. The primes denote the integrated images, taking into account the 0.3’ divergence of the incident beam.
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Abstract

The viability of solving the structure type of zeolitic and
layered materials applying multisolution direct methods
to low-resolution (~2.2A) powder diffraction data is
shown. The phases are refined with the tangent formula
derived from Patterson-function arguments [Rius (1993).
Acta Cryst. A49, 406—409] and the correct phase sets are
discriminated with the conventional figures of merit. The
two test examples presented are (a) the already known
tetragonal zeolite ZSM-11 (space group /4m2) at 2.3 A
resolution and (b) the hitherto unknown layer silicate
RUB-15 (Ibam) at 2. 2 A resolution. In both cases, the
tetrahedral Si units appear as resolved peaks in the
Fourier maps computed with the phases of the highest-
ranked direct-methods solutions.

1. Introduction

To understand the physical and chemical properties of
zeolitic and layered materials, and to retrieve valuable
information about the synthesis mechanisms, a knowl-
edge of their crystal structures is a prerequisite. When no
sufficiently large single crystals are available, the crystal
structure must be solved from very limited experimental
data, such as powder diffraction, in combination with
model building and other experimental techniques, e.g.

©1995 International Union of Crystallography
Printed in Great Britain — all rights reserved

Si MAS NMR and electron diffraction. In recent years,
the easier access to synchrotron X-ray sources, the
existence of programs for extracting integrated intensities
from high-resolution powder patterns (e.g. Pawley, 1981;
Baerlocher, 1990) as well as improved computing
facilities have rendered possible the ab initio solution
of some highly crystalline zeolite-like compounds by
direct methods (e.g. Rudolf, Saldarriaga-Molina &
Clearfield, 1986, McCusker, 1988). The application of
alternative methods, such as the direct interpretation of
the Patterson function, is hampered by the relatively
large number of tetrahedrally coordinated atoms (here-
after referred to as T) and by the fact that T atoms, e.g. Si,
are not very much heavier than O atoms, so that the 7-T
interatomic peaks cannot be easily identified in the
Patterson map. Other alternatives such as the application
of Patterson search techniques, although viable (Rius &
Miravitlles, 1988; Gies & Rius, 1995), are far from
trivial.

In many cases, zeolites crystallize as microcrystalline
powders of poor crystallinity. The use of synchrotron
radiation for these cases is less suitable. In these
materials, peak broadening due to the sample often
outweighs instrumental broadening so that only the low-
resolution intensities can be extracted reliably from their
powder patterns. This imposes serious limitations on the
applicability of direct methods. These limitations have

Acta Crystallographica Section A
ISSN 0108-7673 ©1995



